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Ýêñòðåìàëüíûå ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ
óðàâíåíèÿ ïÿòîãî ïîðÿäêà

Í.È. Âàñèëüåâ

Àííîòàöèÿ. Äëÿ ïðîñòåéøåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïÿòîãî ïîðÿäêà
ðàññìàòðèâàþòñÿ ýêñòðåìàëüíûå ðåøåíèÿ äâóõòî÷å÷íûõ êðàåâûõ çàäà÷.

Áèáëèîãð. 2íàçâ.

ÓÄÊ 517.927

Ðàññìîòðèì äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó

x(5) = f(t), |f | ≤ 1, lix = 0, i = 1, ..., 5, (1)

ãäå f ∈ L(I, [−1, 1]), lix = x(mi)(0) èëè lix = x(mi)(1), 0 ≤ mi ≤ 4. Ïóñòü
a(m) = 1 äëÿ m ∈ {0, ..., 4}, åñëè íàéäåòñÿ i ∈ {1, ..., 5} òàêîå, ÷òî lix = x(m)(0), è
a(m) = 0 â ïðîòèâíîì ñëó÷àå. Àíàëîãè÷íî, b(m) = 1 äëÿ m ∈ {0, ..., 4}, åñëè íàéäåòñÿ
i ∈ {1, ..., 5} òàêîå, ÷òî lix = x(m)(1), è b(m) = 0 â ïðîòèâíîì ñëó÷àå.

Çàäà÷ó (1) áóäåì èçó÷àòü ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà êðàåâûå óñëîâèÿ

m∑

k=0

(a(k) + b(k)) ≥ m + 1, m ∈ {0, ..., 3},
4∑

k=0

(a(k) + b(k)) = 5. (2)

Êàê ñëåäóåò èç ðàáîòû [1], ïðè óñëîâèÿõ (2) äëÿ ëþáîãî f ∈ L(I, R) çàäà÷à (1)
èìååò ðåøåíèå, êîòîðîå åäèíñòâåííî. Ðåøåíèå êðàåâîé çàäà÷è (1) áóäåì îáîçíà÷àòü
÷åðåç xf . Äàëåå, ÷åðåç X îáîçíà÷èì ìíîæåñòâî ðåøåíèé êðàåâîé çàäà÷è (1).

Ðåøåíèå ym ∈ X äëÿ m ∈ {0, ..., 4} áóäåì ñ÷èòàòü ýêñòðåìàëüíûì ðåøåíèåì, åñëè
äëÿ íåãî âûïîëíÿåòñÿ óñëîâèå

‖y(m)
m ‖C = max{‖x(m)‖C : x ∈ X} = Mm.

Ìíîæåñòâî ýêñòðåìàëüíûõ ðåøåíèé äëÿ m ∈ {0, ..., 4} îáîçíà÷èì Ym.
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Â ðàáîòå [2] äîêàçàíî ñâîéñòâî ýêñòðåìàëüíûõ ðåøåíèé, êîòîðîå áóäåò èñïîëüçîâàíî
íàìè â äàëüíåéøåì è êîòîðîå ïðèìåíèòåëüíî ê íàøåé çàäà÷å ìîæåò áûòü ñôîðìóëèðîâàíî
ñëåäóþùèì îáðàçîì:

Ïóñòü τ ∈ (0, 1) è G(t, τ) - ðåøåíèå êðàåâîé çàäà÷è

x(5)(t) = δ(t− τ), lix = 0, i = 1, ..., 5,

ãäå δ - äåëüòà ôóíêöèÿ. Åñëè ýêñòðåìàëüíàÿ ôóíêöèÿ ym, m ∈ {0, ..., 4} ïðèíèìàåò
ýêñòðåìàëüíîå çíà÷åíèå â òî÷êå η ∈ (0, 1), òî

y(5)
m (s) = sign (G(m)(η, s))sign (y(m)

m (η)), s ∈ (0, 1). (3)

Ñ òî÷íîñòüþ äî çàìåíû íåçàâèñèìîé ïåðåìåííîé t íà 1 − t ìûñëèìû âñåãî 1 +
C4

5 ∗C1
5 +C3

5 ∗C2
5 = 126 ðàçëè÷íûõ êðàåâûõ çàäà÷ âèäà (1), òî åñòü ýòî çàäà÷à Êîøè ñ

óñëîâèÿìè íà ëåâîì êîíöå èíòåðâàëà, âñåâîçìîæíûå êðàåâûå çàäà÷è ñ ÷åòûðüìÿ
ãðàíè÷íûìè óñëîâèÿìè íà ëåâîì êîíöå èíòåðâàëà è îäíèì ãðàíè÷íûì óñëîâèåì
íà ïðàâîì, à òàêæå âñåâîçìîæíûå êðàåâûå çàäà÷è ñ òðåìÿ ãðàíè÷íûìè óñëîâèÿìè
íà ëåâîì êîíöå èíòåðâàëà è äâóìÿ ãðàíè÷íûìè óñëîâèÿìè íà ïðâîì. Íàñ áóäåò
èíòåðåñîâàòü âîïðîñ, ñîâïàäàþò ëè ýêñòðåìàëüíûå ðåøåíèÿ çàäà÷è (1) ñ ñîîòâåò-
ñòâóþùèìè ðåøåíèÿìè çàäà÷è

x(5) = 1, lix = 0, i = 1, ..., 5. (4)

Ñ ó÷åòîì îãðàíè÷åíèé (2) íà êðàåâûå óñëîâèÿ çàäà÷è (1) è ïðèíèìàÿ âî âíèìàíèå
ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå [2], äëÿ ïîëîæèòåëüíîãî îòâåòà íà èíòåðåñóþùèé
íàñ âîïðîñ äîñòàòî÷íî èçó÷èòü ñâîéñòâà ýêñòðåìàëüíûõ ðåøåíèé ñëåäóþùèõ øåñòè
çàäà÷:

x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′′(0) = 0, x′′′(1) = 0, (5)
x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′′(1) = 0, x′′′(0) = 0, (6)
x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′′(1) = 0, x′′′(1) = 0, (7)
x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′(1) = 0, x′′′(0) = 0, (8)
x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′(1) = 0, x′′(0) = 0, (9)
x(5) = f(t), |f | ≤ 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′′(0) = 0, x′′(1) = 0. (10)

Â ýòîé ðàáîòå ìû ïîêàæåì, ÷òî ýêñòðåìàëüíûå ðåøåíèÿ ÷åòâåðòîé, ïÿòîé è øåñòîé
èç ïðèâåäåííûõ âûøå çàäà÷ (8)-(10) ñîâïàäàþò, ñîîòâåòñòâåííî, ñ ðåøåíèÿìè çàäà÷
(11)-(13)

x(5) = 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′(1) = 0, x′′′(0) = 0, (11)
x(5) = 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′(1) = 0, x′′(0) = 0, (12)
x(5) = 1, x(0) = 0, x(1) = 0, x′(0) = 0, x′′(0) = 0, x′′(1) = 0. (13)

Îáîçíà÷èì ÷åðåç G4(t, s), G5(t, s) è G6(t, s) ôóíêöèè Ãðèíà, ñîîòâåòñòâåííî, êðàåâûõ
çàäà÷ (8)-(10). Òîãäà

G4(t, s) = ((s4 − 2s3 + 2s− 1)t4 + (−2s4 + 6s3 − 6s2 + 2s)t2)/24
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= t2(s− 1)3((s + 1)t2 − 2s)/24, 0 ≤ t ≤ s ≤ 1,

G4(t, s) = ((s4 − 2s3 + 2s)t4 − 4st3 + (−2s4 + 6s3 + 2s)t2 − 4s3t + s4)/24

= (t− 1)2s((s3 − 2s2 + 2)t2 + (2s3 − 4s2)t + s3)/24, 0 ≤ s ≤ t ≤ 1;

G′
4(t, s) = ((s4 − 2s3 + 2s− 1)t3 + (−s4 + 3s3 − 3s2 + s)t)/6

= t(s− 1)3((s + 1)t2 − s)/6, 0 ≤ t ≤ s ≤ 1,

G′
4(t, s) = ((s4 − 2s3 + 2s)t3 − 3st2 + (−s4 + 3s3 + s)t− s3)/6

= (t− 1)s((s3 − 2s2 + 2)t2 + (s3 − 2s2 − 1)t + s2)/6, 0 ≤ s ≤ t ≤ 1;

G′′
4(t, s) = ((3s4 − 6s3 + 6s− 3)t2 − s4 + 3s3 − 3s2 + s)/6

= (s− 1)3((3s + 3)t2 − s)/6, 0 ≤ t ≤ s ≤ 1,

G′′
4(t, s) = ((3s4 − 6s3 + 6s)t2 − 6st− s4 + 3s3 + s)/6

= s((3s3 − 6s2 + 6)t2 − 6t− s3 + 3s2 + 1)/6, 0 ≤ s ≤ t ≤ 1;

G′′′
4 (t, s) = (s4 − 2s3 + 2s− 1)t = t(s− 1)3(s + 1), 0 ≤ t ≤ s ≤ 1,

G′′′
4 (t, s) = (s4 − 2s3 + 2s)t− s = s((s3 − 2s2 + 2)t− 1), 0 ≤ s ≤ t ≤ 1;

G′′′′
4 (t, s) = s4 − 2s3 + 2s− 1 = (s− 1)3(s + 1), 0 ≤ t ≤ s ≤ 1,

G′′′′
4 (t, s) = s4 − 2s3 + 2s = s(s3 − 2s + 2), 0 ≤ s ≤ t ≤ 1.

Äëÿ ôóíêöèè Ãðèíà G5(t, s) è åå ïðîèçâîäíûõ ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ:

G5(t, s) = ((3s4 − 8s3 + 6s2 − 1)t4 + (−4s4 + 12s3 − 12s2 + 4s)t3)/24

= t3(s− 1)3((3s + 1)t− 4s)/24, 0 ≤ t ≤ s ≤ 1,

G5(t, s) = ((3s4 − 8s3 + 6s2)t4 + (−4s4 + 12s3 − 12s2)t3 + 6s2t2 − 4s3t + s4)/24

= (t− 1)2s2((3s2 − 8s + 6)t2 + (2s2 − 4s)t + s2)/24, 0 ≤ s ≤ t ≤ 1;

G′
5(t, s) = ((3s4 − 8s3 + 6s2 − 1)t3 + (−3s4 + 9s3 − 9s2 + 3s)t2)/6

= t2(s− 1)3((3s + 1)t− 3s)/6, 0 ≤ t ≤ s ≤ 1,

G′
5(t, s) = ((3s4 − 8s3 + 6s2)t3 + (−3s4 + 9s3 − 9s2)t2 + 3s2t− s3)/6

= (t− 1)s2((3s2 − 8s + 6)t2 + (s− 3)t + s)/6, 0 ≤ s ≤ t ≤ 1;

G′′
5(t, s) = ((3s4 − 8s3 + 6s2 − 1)t2 + (−2s4 + 6s3 − 6s2 + 2s)t)/2

= t(s− 1)3((3s + 1)t− 2s)/2, 0 ≤ t ≤ s ≤ 1,

G′′
5(t, s) = ((3s4 − 8s3 + 6s2)t2 + (−2s4 + 6s3 − 6s2)t + s2)/2,

= s2((3s2 − 8s + 6)t2 + (−2s2 + 6s− 6)t + 1)/2, 0 ≤ s ≤ t ≤ 1;
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G′′′
5 (t, s) = (3s4 − 8s3 + 6s2 − 1)t− s4 + 3s3 − 3s2 + s

= (s− 1)3((3s + 1)t− s), 0 ≤ t ≤ s ≤ 1,

G′′′
5 (t, s) = (3s4 − 8s3 + 6s2)t− s4 + 3s3 − 3s2

= s2((3s2 − 8s + 6)t− s2 + 3s− 3), 0 ≤ s ≤ t ≤ 1;

G′′′′
5 (t, s) = 3s4 − 8s3 + 6s2 − 1 = (s− 1)3(3s + 1), 0 ≤ t ≤ s ≤ 1,

G′′′′
5 (t, s) = 3s4 − 8s3 + 6s2 = s2(3s2 − 8s + 6), 0 ≤ s ≤ t ≤ 1.

Äëÿ ôóíêöèè Ãðèíà G6(t, s) è åå ïðîèçâîäíûõ ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ:

G6(t, s) = ((s4 − 4s3 + 4s2 − 1)t4 + (−2s4 + 8s3 − 10s2 + 4s)t3)/24

= t3(s− 1)2((s2 − 2s− 1)t− 2s2 + 4s)/24, 0 ≤ t ≤ s ≤ 1,

G6(t, s) = ((s4 − 4s3 + 4s2)t4 + (−2s4 + 8s3 − 10s2)t3 + 6s2t2 − 4s3t + s4)/24

= (t− 1)s2((s2 − 4s + 4)t3 + (−s2 + 4s− 6)t2 + (−s2 + 4s)t− s2)/24, 0 ≤ s ≤ t ≤ 1;

G′
6(t, s) = ((2s4 − 8s3 + 8s2 − 2)t3 + (−3s4 + 12s3 − 15s2 + 6s)t2)/12

= t2(s− 1)2((2s2 − 4s− 2)t− 3s2 + 6s)/12, 0 ≤ t ≤ s ≤ 1,

G′
6(t, s) = ((2s4 − 8s3 + 8s2)t3 + (−3s4 + 12s3 − 15s2)t2 + 6s2t− 2s3)/12

= s2((2s2 − 8s + 8)t3 + (−3s2 + 12s− 15)t2 + 6t− 2s)/12, 0 ≤ s ≤ t ≤ 1;

G′′
6(t, s) = ((s4 − 4s3 + 4s2 − 1)t2 + (−s4 + 4s3 − 5s2 + 2s)t)/2

= t(s− 1)2((s2 − 2s− 1)t− s2 + 2s)/2, 0 ≤ t ≤ s ≤ 1,

G′′
6(t, s) = ((s4 − 4s3 + 4s2)t2 + (−s4 + 4s3 − 5s2)t + s2)/2

= (t− 1)s2((s2 − 4s + 4)t− 1)/2, 0 ≤ s ≤ t ≤ 1;

G′′′
6 (t, s) = ((2s4 − 8s3 + 8s2 − 2)t− s4 + 4s3 − 5s2 + 2s)/2

= (s− 1)2((2s2 − 4s− 2)t− s2 + 2s)/2, 0 ≤ t ≤ s ≤ 1,

G′′′
6 (t, s) = ((2s4 − 8s3 + 8s2)t− s4 + 4s3 − 5s2)/2

= s2((2s2 − 8s + 8)t− s2 + 4s− 5)/2, 0 ≤ s ≤ t ≤ 1;

G′′′′
6 (t, s) = s4 − 4s3 + 4s2 − 1 = (s− 1)2(s2 − 2s− 1), 0 ≤ t ≤ s ≤ 1,

G′′′′
6 (t, s) = s4 − 4s3 + 4s2 = s2(s2 − 4s + 4), 0 ≤ s ≤ t ≤ 1.

Îáîçíà÷èì ÷åðåç x4(t), x5(t) è x6(t) ñîîòâåòñòâåííî ðåøåíèÿ çàäà÷ (11)-(13). Òîãäà
èìååì

x4(t) = (2t5 − 3t4 + t2)/240 = t2(t− 1)2(2t + 1)/240,



26

x
′
4(t) = (5t4 − 6t3 + t)/120 = t(t− 1)(5t2 − t− 1)/120,

x
′′
4(t) = (20t3 − 18t2 + 1)/120,

x
′′′
4 (t) = (5t2 − 3t)/10 = t(5t− 3)/10, x

′′′′
4 (t) = (10t− 3)/10;

Òîãäà ëåãêî ïðîâåðèòü, ÷òî

M40 = x4((1 +
√

21)/10) = 0.00053631212, M41 = 0.0018988450,

M42 = 0.025, M43 = 0.2, M44 = 0.7

Äëÿ ðåøåíèÿ x5(t) è åãî ïðîèçâîäíûõ ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ

x5(t) = (t5 − 2t4 + t3)/120 = t3(t− 1)2/120,

x
′
5(t) = (5t4 − 8t3 + 3t2)/120 = t2(t− 1)(5t− 1)/120,

x
′′
5(t) = (10t3 − 12t2 + 3t)/60 = t(10t2 − 12t + 3)/60,

x
′′′
5 (t) = (10t2 − 8t + 1)/20, x

′′′′
5 (t) = (5t− 2)/5;

Òîãäà ëåãêî ïðîâåðèòü, ÷òî

M50 = 0.000288, M51 = −x5
′((6 +

√
6)/10) = 0.0011297959,

M52 = 1/60 = 0.0166666667, M53 = 0.15, M54 = 0.6.

Äëÿ ðåøåíèÿ x6(t) è åãî ïðîèçâîäíûõ ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ

x6(t) = (3t5 − 7t4 + 4t3)/360 = t3(t− 1)(3t− 4)/360,

x
′
6(t) = (15t4 − 28t3 + 12t2)/360 = t2(15t2 − 28t + 12)/360,

x
′′
6(t) = (5t3 − 7t2 + 2t)/30 = t(t− 1)(5t− 2)/30,

x
′′′
6 (t) = (15t2 − 14t + 2)/30, x

′′′′
6 (t) = (15t− 7)/15.

Òîãäà ëåãêî ïðîâåðèòü, ÷òî

M60 = x6(2/3) = 0.00054869684, M61 = 1/360 = 0.0027777778,

M62 = −x6
′′((7 +

√
19)/15) = 0.010945094, M63 = 0.1,

M64 = 8/15 = 0.5333333333.
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Ïóñòü äëÿ s ∈ (0, 1) fs(t) = −1, åñëè t ∈ [0, s] è fs(t) = 1 äëÿ t ∈ (s, 1]. Îáîçíà÷èì
äëÿ òàêèì îáðàçîì âûáðàííîãî fs(t), ñîîòâåòñòâåííî, x4s, x5s è x6s ðåøåíèÿ êðàåâûõ
çàäà÷ (11)-(13). Íåïîñðåäñòâåííî èíòåãðèðóÿ, ïîëó÷àåì:

x4s = (−2t5 + (−4s5 + 10s4 − 20s2 + 20s− 3)t4 + (8s5 − 30s4 + 40s3 − 20s2 + 1)t2)/240

= t2(−2t3 + (−4s5 + 10s4 − 20s2 + 20s− 3)t2 + 8s5 − 30s4 + 40s3 − 20s2 + 1)/240,

0 ≤ t ≤ s ≤ 1,

x4s = (2t5 + (−4s5 + 10s4 − 20s2 − 3)t4 + 40s2t3 + (8s5 − 30s4 − 20s2 + 1)t2

+20s4t− 4s5)/240

= (t− 1)2(2t3 + (−4s5 + 10s4 − 20s2 + 1)t2 + (−8s5 + 20s4)t− 4s5)/240,

0 ≤ s ≤ t ≤ 1;

x′4s = (−5t4 + (−8s5 + 20s4 − 40s2 + 40s− 6)t3 + (8s5 − 30s4 + 40s3 − 20s2 + 1)t)/120

= t(−5t3 + (−8s5 + 20s4 − 40s2 + 40s− 6)t2 + 8s5 − 30s4 + 40s3 − 20s2 + 1)/120

0 ≤ t ≤ s ≤ 1,

x′4s = (5t4 + (−8s5 + 20s4 − 40s2 − 6)t3 + 60s2t2 + (8s5 − 30s4 − 20s2

+1)t + 10s4)/120 = (t− 1)(5t3 + (−8s5 + 20s4 − 40s2 − 1)t2 + (−8s5

+20s4 + 20s2 − 1)t− 10s4)/120, 0 ≤ s ≤ t ≤ 1;

x′′4s = (−20t3 + (−24s5 + 60s4 − 120s2 + 120s− 18)t2 + 8s5 − 30s4

+40s3 − 20s2 + 1)/120, 0 ≤ t ≤ s ≤ 1,

x′′4s = (20t3 + (−24s5 + 60s4 − 120s2 − 18)t2 + 120s2t + 8s5 − 30s4

−20s2 + 1)/120 0 ≤ s ≤ t ≤ 1;

x′′′4s = t(−5t− 4s5 + 10s4 − 20s2 + 20s− 3)/10, 0 ≤ t ≤ s ≤ 1,

x′′′4s = (5t2 + (−4s5 + 10s4 − 20s2 − 3)t + 10s2)/10, 0 ≤ s ≤ t ≤ 1;

x′′′′4s = (−10t− 4s5 + 10s4 − 20s2 + 20s− 3)/10, 0 ≤ t ≤ s ≤ 1,

x′′′′4s = (+10t− 4s5 + 10s4 − 20s2 − 3)/10, 0 ≤ s ≤ t ≤ 1;

x5s = (−t5 + (−6s5 + 20s4 − 20s3 + 10s− 2)t4 + (8s5 − 30s4 + 40s3

−20s2 + 1)t3)/120 = t3(−t2 + (−6s5 + 20s4 − 20s3 + 10s− 2)t + 8s5

−30s4 + 40s3 − 20s2 + 1)/120, 0 ≤ t ≤ s ≤ 1,

x5s = (t5 + (−6s5 + 20s4 − 20s3 − 2)t4 + (8s5 − 30s4 + 40s3 + 1)t3
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−20s3t2 + 10s4t− 2s5)/120 = (t− 1)2(t3 + (−6s5 + 20s4 − 20s3)t2

+(−4s5 + 10s4)t− 2s5)/120, 0 ≤ s ≤ t ≤ 1;

x′5s = (−5t4 + (−24s5 + 80s4 − 80s3 + 40s− 8)t3 + (24s5 − 90s4

+120s3 − 60s2 + 3)t2)/120 = t2(−5t2 + (−24s5 + 80s4 − 80s3 + 40s− 8)t

+24s5 − 90s4 + 120s3 − 60s2 + 3)/120, 0 ≤ t ≤ s ≤ 1,

x′5s = (5t4 + (−24s5 + 80s4 − 80s3 − 8)t3 + (24s5 − 90s4 + 120s3 + 3)t2

−40s3t + 10s4)/120 = (t− 1)(5t3 + (−24s5 + 80s4 − 80s3 − 3)t2 + (−10s4

+40s3)t− 10s4)/120, 0 ≤ s ≤ t ≤ 1;

x′′5s = t(−10t2 + (−36s5 + 120s4 − 120s3 + 60s− 12)t + 24s5 − 90s4

+120s3 − 60s2 + 3)/60, 0 ≤ t ≤ s ≤ 1,

x′′5s = (10t3 + (−36s5 + 120s4 − 120s3 − 12)t2 + (24s5 − 90s4

+120s3 + 3)t− 20s3)/60 0 ≤ s ≤ t ≤ 1;

x′′′5s = (−10t2 + (−24s5 + 80s4 − 80s3 + 40s− 8)t + 8s5 − 30s4

+40s3 − 20s2 + 1)/20, 0 ≤ t ≤ s ≤ 1,

x′′′5s = (10t2 + (−24s5 + 80s4 − 80s3 − 8)t + 8s5 − 30s4

+40s3 + 1)/20, 0 ≤ s ≤ t ≤ 1;

x′′′′5s = (−5t− 6s5 + 20s4 − 20s3 + 10s− 2)/5, 0 ≤ t ≤ s ≤ 1,

x′′′′5s = (5t− 6s5 + 20s4 − 20s3 − 2)/5, 0 ≤ s ≤ t ≤ 1;

x6s = (−3t5 + (−6s5 + 30s4 − 40s3 + 30s− 7)t4 + (12s5 − 60s4 + 100s3

−60s2 + 4)t3)/360 = t3(−3t2 + (−6s5 + 30s4 − 40s3 + 30s− 7)t + 12s5

−60s4 + 100s3 − 60s2 + 4)/360, 0 ≤ t ≤ s ≤ 1,

x6s = (3t5 + (−6s5 + 30s4 − 40s3 − 7)t4 + (12s5 − 60s4 + 100s3 + 4)t3

−60s3t2 + 30s4t− 6s5)/360 = (t− 1)(3t4 + (−6s5 + 30s4 − 40s3 − 4)t3 + (6s5

−30s4 + 60s3)t2 + (6s5 − 30s4)t + 6s5)/360, 0 ≤ s ≤ t ≤ 1;

x′6s = (−15t4 + (−24s5 + 120s4 − 160s3 + 120s− 28)t3 + (36s5 − 180s4 + 300s3

−180s2 + 12)t2)/360 = t2(−15t2 + (−24s5 + 120s4 − 160s3 + 120s− 28)t + 36s5

−180s4 + 300s3 − 180s2 + 12)/360, 0 ≤ t ≤ s ≤ 1,
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x′6s = (15t4 + (−24s5 + 120s4 − 160s3 − 28)t3 + (36s5 − 180s4 + 300s3 + 12)t2

−120s3t + 30s4)/360, 0 ≤ s ≤ t ≤ 1;

x′′6s = (−5t3 + (−6s5 + 30s4 − 40s3 + 30s− 7)t2 + (6s5 − 30s4 + 50s3 − 30s2 + 2)t)/30

= t(−5t2 + (−6s5 + 30s4 − 40s3 + 30s− 7)t + 6s5 − 30s4 + 50s3 − 30s2 + 2)/30,

0 ≤ t ≤ s ≤ 1,

x′′6s = (5t3 + (−6s5 + 30s4 − 40s3 − 7)t2 + (6s5 − 30s4 + 50s3 + 2)t− 10s3)/30

= (t− 1)(5t2 + (−6s5 + 30s4 − 40s3 − 2)t + 10s3)/30, 0 ≤ s ≤ t ≤ 1;

x′′′6s = (−15t2 + (−12s5 + 60s4 − 80s3 + 60s− 14)t + 6s5 − 30s4 + 50s3 − 30s2 + 2)/30,

0 ≤ t ≤ s ≤ 1,

x′′′6s = (15t2 + (−12s5 + 60s4 − 80s3 − 14)t + 6s5 − 30s4 + 50s3 + 2)/30,

0 ≤ s ≤ t ≤ 1;

x′′′′6s = (−15t− 6s5 + 30s4 − 40s3 + 30s− 7)/15, 0 ≤ t ≤ s ≤ 1,

x′′′′6s = (15t− 6s5 + 30s4 − 40s3 − 7)/15, 0 ≤ s ≤ t ≤ 1;

Îáîçíà÷èì ÷åðåç timk(s), i ∈ {4, 5, 6}, m ∈ {1, 2, 3}, k ∈ {1, 2} êîðíè G
(m)
i (t, s).

Çäåñü k - íîìåð êîðíÿ. Ñëåäóþùèå òàáëèöû ïîêàçûâàþò, ÷òî timk(s) ìîíîòîííû.

Òàáëèöà 1. t4mk(s)
s t411(s) t421(s) t422(s) t431(s)
0.1 0.5043 0.2190 0.7905 0.5048
0.2 0.5158 0.2416 0.7957 0.5187
0.3 0.5328 0.2774 0.8037 0.5414
0.4 0.5548 0.3086 0.8145 0.5734
0.5 0.5817 0.3333 0.8283 0.6154
0.6 0.6124 0.3536 0.8459 0.6684
0.7 0.6417 0.3705 0.8682 0.7337
0.8 0.6667 0.3849 0.8972 0.8117
0.9 0.6882 0.3974 0.9369 0.9017
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Òàáëèöà 2. t5mk(s)
s t511(s) t521(s) t522(s) t531(s) t532(s)
0.1 0.5175 0.2402 0.7961 0.0769 0.5182
0.2 0.5371 0.2749 0.8047 0.1250 0.5398
0.3 0.5590 0.3172 0.8145 0.1578 0.5659
0.4 0.5837 0.3636 0.8260 0.1818 0.5976
0.5 0.6120 0.4000 0.8396 0.2000 0.6364
0.6 0.6440 0.4286 0.8561 0.2142 0.6842
0.7 0.6774 0.4516 0.8765 0.2258 0.7433
0.8 0.7059 0.4706 0.9030 0.2352 0.8158
0.9 0.7297 0.4865 0.9396 0.2432 0.9024

Òàáëèöà 3. t6mk(s)
s t611(s) t621(s) t631(s) t632(s)
0.1 0.5931 0.2770 0.0798 0.6385
0.2 0.6090 0.3086 0.1323 0.6543
0.3 0.6264 0.3460 0.1688 0.6730
0.4 0.6455 0.3902 0.1951 0.6953
0.5 0.6667 0.4285 0.2142 0.7222
0.6 0.6900 0.4565 0.2282 0.7551
0.7 0.7147 0.4764 0.2382 0.7959
0.8 0.7347 0.4898 0.2448 0.8472
0.9 0.7462 0.4975 0.2487 0.9132

Ñëåäóþùèå òàáëèöû ïîêàçûâàþò, ÷òî ‖x(m)
is ‖C ïðèíèìàåò íàèáîëüøåå çíà÷åíèå

ïðè s = 0 è s = 1, ÷òî íà îñíîâàíèè ôîðìóëû (3) äîêàçûâàåò Yim = {xg, x−g}, i =
4, 5, 6, m = 1, 2, 3.

Òàáëèöà 4. x
(m)
4s

s t x′4s t x′′4s t x′′′4s

0.0 0.827 -0.00190 1.000 0.02500 1.000 0.20000
0.1 0.830 -0.00175 1.000 0.02336 1.000 0.19010
0.2 0.838 -0.00132 1.000 0.01869 1.000 0.16147
0.3 0.860 -0.00072 1.000 0.01170 1.000 0.11713
0.4 0.612 0.00036 1.000 0.00337 1.000 0.06150
0.5 0.750 0.00081 1.000 0.00521 0.750 -0.03125
0.6 0.792 0.00133 1.000 -0.01297 0.922 -0.06458
0.7 0.812 0.00168 1.000 -0.01905 1.000 -0.11713
0.8 0.823 0.00185 1.000 -0.02296 1.000 -0.16147
0.9 0.827 0.00190 1.000 -0.02471 1.000 -0.19010
1.0 0.827 0.00190 1.000 -0.02500 1.000 -0.20000
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Òàáëèöà 5. x
(m)
5s

s t x′5s t x′′5s t x′′′5s

0.0 0.845 -0.00113 1.000 0.01667 1.000 0.15000
0.1 0.846 -0.00110 1.000 0.01638 1.000 0.14824
0.2 0.850 -0.00096 1.000 0.01473 1.000 0.13774
0.3 0.862 -0.00067 1.000 0.01123 1.000 0.11431
0.4 0.892 -0.00029 1.000 0.00609 1.000 0.07781
0.5 0.711 0.00034 0.500 0.00260 1.000 0.03125
0.6 0.795 0.00067 1.000 -0.00609 0.839 -0.33183
0.7 0.824 0.00094 1.000 -0.01123 1.000 -0.07021
0.8 0.839 0.00109 1.000 -0.01474 1.000 -0.11214
0.9 0.844 0.00112 1.000 -0.01638 1.000 -0.14014
1.0 0.845 0.00113 1.000 -0.01667 1.000 -0.15000

Òàáëèöà 6. x
(m)
6s

s t x′6s t x′′6s t x′′′6s

0.0 1.000 -0.00278 0.757 -0.01095 1.000 0.10000
0.1 1.000 -0.00273 0.758 -0.01080 1.000 0.09909
0.2 1.000 -0.00246 0.765 -0.00992 1.000 0.09354
0.3 1.000 -0.00187 0.780 -0.00798 1.000 0.08061
0.4 1.000 -0.00101 0.811 -0.00506 1.000 0.05955
0.5 0.711 0.00033 0.500 0.00260 1.000 0.03125
0.6 1.000 0.00101 0.619 0.00498 0.000 -0.04738
0.7 1.000 0.00187 0.696 0.00788 0.000 -0.05815
0.8 1.000 0.00246 0.739 0.00994 1.000 -0.06794
0.9 1.000 0.00273 0.755 0.01082 1.000 -0.09100
1.0 1.000 0.00278 0.757 0.01095 1.000 -0.10000
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N.I. Vasi�ljevs. Piekt	as k	artas parasto diferenci	alvien	adojumu robe�zprobl	emu ek-
strem	alie atrisin	ajumi

Anot	acija. Konstru	eti ekstrem	ali atrisin	ajumi piekt	as k	artas vienk	ar�saj	am parasta-
jam diferenci	alvien	adojumam.
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