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Îá ýêñòðåìàëÿõ íåêîòîðûõ ôóíêöèîíàëîâ íà ïëîñêîñòè

Þ.À. Êëîêîâ.

Àííîòàöèÿ. Èçó÷àþòñÿ ýêñòðåìàëè ôóíêöèîíàëà

I(l) =

∫ 1

0

[p(x, y)x′2 + q(x, y)y′2]
1
2 dt

ñ êðàåâûìè óñëîâèÿìè x(0) = y(0) = 0 x(1) = A, y(1) = B.
Áèáë. 4 íàçâ.
ÓÄÊ 517.927

Ðàññìîòðèì ôóíêöèîíàë

I(l) =

∫ 1

0

[p(x, y)x′2 + q(x, y)y′2]
1
2 dt (1)

ãäå p, q ≥ 0, ∀(x, y) ∈ R2, p, q ∈ C1(R2), x(t), y(t) ∈ C2, I = [0, 1]
ñ êðàåâûìè óñëîâèÿìè

x(0) = y(0) = 0, x(1) = A, y(1) = B. (2)
Óðàâíåíèÿ ýêñòðåìàëåé èìåþò âèä [1, ñòð.242].

x′′ =
1

p
[x′2(−1

2
p′x) + x′y′(−p′y) + y′2(

1

2
q′x)] (3)

y′′ =
1

q
[x′2(

1

2
p′y) + x′y′(−q′x) + y′2(−1

2
q′y)] (4)

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò a, b ∈ R2 òàêèå, ÷òî

(x− a)q′x ≥ 0, (y − b)p′y ≥ 0, ∀(x, y) ∈ R2,

òîãäà ðåøåíèå çàäà÷è (2)-(4) ñóùåñòâóåò äëÿ ëþáûõ A,B ∈ R2. Äîêàçàòåëüñòâî
òåîðåìû 1 ñì. [2]. Ïðèâåäåì ïðèìåðû, ïîêàçûâàþùèå ñóùåñòâåííîñòü ñôîðìóëèðîâàííûõ
óñëîâèé.

Ïðèìåð 1. Ïóñòü p = q = exp(−2σy), ∀(x, y) ∈ R2, σ > 0 - ïîñòîÿííàÿ. Òîãäà
ñèñòåìà (3), (4) çàïèøåòñÿ â âèäå
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x′′ = 2σx′y′, y′′ = −σx′2 + σy′2. (5)
Èç ïåðâîãî óðàâíåíèÿ ñëåäóåò, ÷òî x(t) èçìåíÿåòñÿ ìîíîòîííî è ïîýòîìó â êà÷åñòâå

íåçàâèñèìîé ïåðåìåííîé ìîæíî âçÿòü x, 0 ≤ x ≤ A (ïðè A>0). Îáîçíà÷èì y(t) =

y(t(x)) = z(x), òàê ÷òî z(0) = 0, z(A) = B, z′(x) =
y′t
x′t

z′′(x) = 1
x′3t

[x′ty
′′
tt− y′tx

′′
tt]. Èç

ñèñòåìû (5) ñëåäóåò z′′(t) = −σ(1 + z′2(x)). Èíòåãðèðóÿ ýòî óðàâíåíèå, íàéäåì

z(x) =
1

σ
ln

[
cos σx +

sin σx

sin σA
(eσB − cos σA)

]
.

Îòêóäà âèäíî, ÷òî ðåøåíèå çàäà÷è (2), (5) ñóùåñòâóåò òîëüêî â ïîëîñå

|A| < σ−1 · π, ∀B ∈ R.

Çàìåòèì, ÷òî ýòî ðåøåíèå åäèíñòâåííî.
Ïðèìåð 2. Ïóñòü p = (1− (2

3
)y3)−1, y ≤ 0, è p ≡ 1, y > 0, q = p2, ∀(x, y) ∈

R2. Ïîäñòàâëÿÿ â óðàâíåíèÿ (3), (4) íàéäåì, äëÿ y ≥ 0, x′′ = 0, y′′ = 0, à äëÿ
y ≤ 0,

x′′ = −x′y′ 2y2

[1− 2
3
y3]

;

y′′ = 1
q

[
x′2 y2

[1− 2
3
y3]2

− y′2 2y2

[1− 2
3
y3]3

]
.

(6)

Ðàññóæäàÿ òàê æå, êàê è â ïðåäûäóùåì ïðèìåðå, íàéäåì èç (6)

d2z

dx2
= 0 (z ≥ 0),

d2z

dx2
= z2 (z ≤ 0) (0 ≤ x ≤ A) (7)

Äëÿ z ≥ 0 èìååì z(x) = z′(0)x è ðåøåíèå êðàåâîé çàäà÷è èìååò âèä z(x) = B
A
x.

Ðàññìîòðèì òåïåðü ñëó÷àé z ≤ 0.
Îáîçíà÷èì ÷åðåç z0(x), 0 ≤ x < ∞ ôóíêöèþ, êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ z′′ = z2 ïðè z ≤ 0 è ðåøåíèåì óðàâíåíèÿ z′′ = 0, äëÿ z ≥ 0 è êîòîðàÿ
óäîâëåòâîðÿåò óñëîâèÿì z0(0) = 0, z′0(0) = −1. Ýòà ôóíêöèÿ âíà÷àëå áóäåò ìîíîòîííî
óáûâàòü, à ïîòîì áóäåò ìîíîòîííî âîçðàñòàòü, è ïðè íåêîòîðîì x = c > 0, îíà
ïåðåñå÷åò îñü x è äàëåå åå óðàâíåíèå ìîæåò áûòü çàïèñàíî â âèäå z0(x) = z′0(c)(x −
c), c ≤ x < ∞.

Ðàññìîòðèì òåïåðü äëÿ óðàâíåíèÿ (7), z′′ = z2, çàäà÷ó Êîøè

z(0) = 0, z′(0) = −σ (σ > 0) (8)
Ëåãêî ïðîâåðèòü, ÷òî ðåøåíèåì çàäà÷è (7), (8) (äëÿ z ≤ 0) áóäåò ôóíêöèÿ

z = σ
2
3 z0(σ

1
3 x) (9)

Ïðè ôèêñèðîâàííîì x, ýòà ôóíêöèÿ, êàê ôóíêöèÿ ïàðàìåòðà σ áóäåò èìåòü
îòðèöàòåëüíûé ìèíèìóì. Äèôôåðåíöèðóÿ (9) ïî σ, ïîëó÷èì â òî÷êå ìèíèìóìà
óðàâíåíèå 2z0(s) + sz′0(s) = 0, ãäå s = σ

1
3 x
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Ìîæíî ïîêàçàòü, ÷òî ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå s = s0, òàê ÷òî
s0 = σ

1
3 x, Òåïåðü èç (9) íàõîäèì óðàâíåíèå îãèáàþùåé ( äëÿ ñåìåéñòâà ðåøåíèé

çàâèñÿùèõ îò ïàðàìåòðà σ)
z =

s2
0z0(s0)

x2
.

Èç ýòèõ ðàññóæäåíèé ñëåäóåò, ÷òî åñëè B < A−2s2
0z0(s0), òî çàäà÷à (6) ðåøåíèÿ íå

èìååò.
Åñëè B = A−2s2

0z0(s0), òî ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî. Ïðè B > A−2s2
0z0(s0)

ñóùåñòâóþò äâà ðåøåíèÿ. Ïðè A < 0 êàðòèíà àíàëîãè÷íàÿ. Ìîæíî ïîêàçàòü (íà ÷åì
ìû íå îñòàíàâëèâàåìñÿ), ÷òî ïðè A = 0 ðåøåíèå ñóùåñòâóåò äëÿ ëþáîãî B ∈ R.

II. Â ýòîì ïóíêòå ðàññìîòðèì ôóíêöèîíàë

I∗(l) =

1∫

0

[−p(x, y)x′2 + q(x, y)y′2
] 1

2 dt, (10)

ãäå p, q > 0, ∀(x, y) ∈ R2, p, q ∈ C1(R2) ñ ãðàíè÷íûìè óñëîâèÿìè (2). Ôóíêöèîíàëû
òàêîãî òèïà ïðåäñòàâëÿþò èíòåðåñ â òåîðåòè÷åñêîé ôèçèêå [3,ãë.III]. Òàêèå ôóíêöèîíàëû
îïðåäåëÿþò ãåîìåòðèþ Ìèíêîâñêîãî (íà ïëîñêîñòè) ñì. [4]. Óðàâíåíèÿ ãåîäåçè÷åñêèõ
ëèíèé ïðèíèìàþò âèä

x′′ = − 1

2p

[
x′2p′x + 2x′y′p′y + y′2q′x

2
]

(11)

y′′ = − 1

2q

[
x′2p′y + 2x′y′q′x + y′2q′y

]
(12)

Òåîðåìà 2. Ïóñòü ñóùåñòâóþò òàêèå a, b ∈ R2, ÷òî (x − a)q′x ≤ 0, (y − b)p′y ≤
0, ∀(x, y) ∈ R2. Òîãäà ðåøåíèå çàäà÷è (11), (12), (2) ñóùåñòâóåò äëÿ ëþáûõ (A,B) ∈
R2. Äîêàçàòåëüñòâî àíàëîãè÷íî òîìó, êîòîðîå äàíî ïðè äîêàçàòåëüñòâå òåîðåìû 1.
Ïðèâåäåì ïðèìåð äîñòàòî÷íûõ óñëîâèé äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (11),
(12), (2). Ïóñòü

p = exp(−1

2
(y − b)2 + ϕ1(x)), q = exp[−1

2
(x− a)2 + ϕ2(y)] ϕ1, ϕ2 ∈ C1(R2).

Òîãäà ðåøåíèå çàäà÷è (11),(12),(2) ñóùåñòâóåò äëÿ ëþáûõ (A,B) ∈ R2. Ïðèâåäåì
äâà ïðèìåðà, êîãäà óñëîâèÿ òåîðåìû 2 íå âûïîëíÿþòñÿ.

Ïðèìåð 3. Ïóñòü p = q = exp(−2σy), ∀(x, y) ∈ R2, ãäå σ > 0- ïîñòîÿííàÿ. Òîãäà
ñèñòåìà (11), (12) çàïèøåòñÿ â âèäå

x′′ = 2σx′y′, y′′ = σx′2 + σy′2.

Òåïåðü, ðàññóæäàÿ òàê æå êàê è â ñëó÷àå ïðèìåðà 1, ïîëó÷èì çàäà÷ó

z′′ = −σ(z′2 − 1), z(0) = 0, z(A) = B (13)

Îòêóäà ñëåäóåò
z′′

z′2 − 1
= −σ,

1

2
ln

z′ − 1

z′ + 1
· z′0 + 1

z′0 − 1
= −σ, (z′0 = z′(0)).
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Äàëåå èìååì
z′ =

(z′0 + 1)eσx + (z′0 − 1)e−σx

(z′0 + 1)− (z′0 − 1)e−σx

z =
1

σ
ln

[
(z′0 + 1)eσx − (z′0 − 1)e−σx

2

]

z =
1

σ
ln(ch σx + z′0 sh σx), z =

1

σ
ln

(
ch σx +

sh σx

sh σA
(eBσ − ch σA)

)
;

Çàìåòèì, ÷òî åñëè â ñëó÷àå ïðèìåðà 1 ðåøåíèå ñóùåñòâîâàëî â ïîëîñå |x| < σ−1 ·
π, B ∈ R, òî â äàííîì ñëó÷àå ðåøåíèå ñóùåñòâóåò äëÿ ëþáûõ A è B.

Ïðèìåð 4. Ïóñòü p è q òî÷íî òàêèå æå, êàê â ñëó÷àå ïðèìåðà 2. Òîãäà ðàññóæäàÿ,
êàê è â ñëó÷àå ïðèìåðà 2, íàéäåì óðàâíåíèÿ

z′′ = 0, z ≥ 0,

è

z′′ = −z2 (14)
äëÿ z ≤ 0. Îòêóäà ñëåäóåò, ÷òî çàäà÷à (14) èìååò ðåøåíèå (åäèíñòâåííîå) äëÿ ëþáûõ
(A,B) ∈ R2, A > 0. Â ñëó÷àå A < 0, çàäà÷à òàêæå èìååò åäèíñòâåííîå ðåøåíèå
äëÿ ëþáîãî B ∈ R. Â ñëó÷àå A = 0 ìîæíî ïîêàçàòü, ÷òî ðåøåíèå çàäà÷è (11), (12)
ñóøåñòâóåò äëÿ ëþáîãî B ∈ R. Â ñëó÷àå ïðèìåðà 2 ðåøåíèå ñóùåñòâîâàëî, ëèøü åñëè
B ≥ A−2s2

0z0(s0).
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A.Yu. Klokovs. On extremals of some functionals in a plane
Summary. Extremals of the functional

I(l) =

∫ 1

0

[p(x, y)x′2 + q(x, y)y′2]
1
2 dt

with the boundary conditions x(0) = y(0) = 0 x(1) = A, y(1) = B are studied.
1991 MSC 34B15

J. Klokovs. Par funkcion	al.a ekstrem	alem plakn	e
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Anot	acija. Tiek p	et	�tas funkcion	al.a

I(l) =

∫ 1

0

[p(x, y)x′2 + q(x, y)y′2]
1
2 dt

ekstrem	ales ar robe�znosac	�jumiem x(0) = y(0) = 0, x(1) = A, y(1) = B.
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