
38

Îá ýêñòðåìàëÿõ îäíîãî ôóíêöèîíàëà
Þ.À.Êëîêîâ

Àííîòàöèÿ. Èçó÷àþòñÿ ýêñòðåìàëè ôóíêöèîíàëà

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)1/2v−1(x, y, z)dt (1)

ãäå v > 0, ∀(x, y, z) ∈ R3, v ∈ C1(R3), x(t), y(t), z(t) ∈ C2(I), I = [0, 1].
Áèáë. 4 íàçâ.

ÓÄÊ 517.927.4

Ýòà ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â ðàáîòàõ [2]-[4]. Òàê êàê v > 0, òî
ìîæíî îïðåäåëèòü ôóíêöèþ ϕ ∈ C1(R3), v = exp ϕ(x, y, z). Òîãäà èíòåðåñóþùèå íàñ
ýêñòðåìàëè ôóíêöèîíàëà (1) áóäóò ðåøåíèÿìè êðàåâîé çàäà÷è (ñì.[1], ñ.242)

x′′ = ϕx(x
′2 − y′2 − z′2) + 2ϕyx

′y′ + 2ϕzx
′z′, (2)

y′′ = ϕy(−x′2 + y′2 − z′2) + 2ϕxx
′y′ + 2ϕzy

′z′, (3)
z′′ = ϕz(−x′2 − y′2 + z′2) + 2ϕxx

′z′ + 2ϕyy
′z′, (4)

x(0) = y(0) = z(0) = 0, x(1) = a, y(1) = b, z(1) = c, (5)
ãäå ϕx = (ϕ)′x, ϕy = (ϕ)′y, ϕz = (ϕ)′z.

Íå óìåíüøàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî ϕ(0, 0, 0) = 0.

Òåîðåìà 1 Ïóñòü ñóùåñòâóåò H > 0 òàêîå, ÷òî

1− xϕx − yϕy − zϕz ≥ 0 ∀(x2 + y2 + z2 ≥ H2). (6)

Òîãäà çàäà÷à (2)-(5) èìååò ðåøåíèå äëÿ ëþáûõ a, b, c ∈ R3.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ñì.[4]. Íàñ áóäóò èíòåðåñîâàòü ôóíêöèîíàëû, êîòîðûå
íå óäîâëåòâîðÿþò óñëîâèÿì (6). Ïðîñòåéøåé ôóíêöèåé, êîòîðàÿ íå óäîâëåòâîðÿåò
óñëîâèþ (6), ÿâëÿåòñÿ

ϕ(x, y, z) = px + qy + rz, (p, q, r ∈ R). (7)
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Ïîñòàðàåìñÿ íàéòè óñëîâèÿ íà (a, b, c), ïðè êîòîðûõ çàäà÷à (2)-(5), (7) èìååò
ðåøåíèå.

Òàê êàê ϕ(x, y, z) = px + qy + rz, òî ñèñòåìà (2)-(6), (5) ïðèìåò âèä

x′′ = p(x′2 − y′2 − z′2) + 2qx′y′ + 2rx′z′,

y′′ = q(−x′2 + y′2 − z′2) + 2px′y′ + 2ry′z′,

z′′ = r(−x′2 − y′2 + z′2) + 2px′z′ + 2qy′z′.

Ïåðåïèøåì ýòó ñèñòåìó â âèäå

x′′ = 2x′(px′ + qy′ + rz′)− p(x′2 + y′2 + z′2), (8)

y′′ = 2y′(px′ + qy′ + rz′)− q(x′2 + y′2 + z′2), (9)
z′′ = 2z′(px′ + qy′ + rz′)− r(x′2 + y′2 + z′2). (10)

Èíòåãðèðóÿ ñèñòåìó (8)-(10) îò t = 0 äî t ≥ 0, ïîëó÷èì

x′ = x′0e
2ϕ(t) − e2ϕ(t)

∫ t

0

e−2ϕ(s)p(x′2 + y′2 + z′2)ds, (11)

y′ = y′0e
2ϕ(t) − e2ϕ(t)

∫ t

0

e−2ϕ(s)q(x′2 + y′2 + z′2)ds, (12)

z′ = z′0e
2ϕ(t) − e2ϕ(t)

∫ t

0

e−2ϕ(s)r(x′2 + y′2 + z′2)ds, (13)

ãäå ϕ(t) = px(t) + qy(t) + rz(t).
Óìíîæàÿ (11) íà q, (12) íà p è âû÷èòàÿ, íàéäåì

qx′ − py′ = e2ϕ(t)(qx′0 − py′0). (14)

È àíàëîãè÷íî, èç (11), (13) è (12), (13) ïîëó÷èì

rx′ − pz′ = e2ϕ(t)(rx′0 − pz′0), (15)

ry′ − qz′ = e2ϕ(t)(ry′0 − qz′0). (16)
Ðàçäåëèâ (14) íà (15), ïîëó÷èì

qx′ − py′

rx′ − pz′
=

qx′0 − py′0
rx′0 − pz′0

èëè
(qx′ − py′)(rx′0 − pz′0) = (rx′ − pz′)(qx′0 − py′0). (17)

È àíàëîãè÷íî, èç (15), (16) íàéäåì

(rx′ − pz′)(ry′0 − qz′0) = (ry′ − qz′)(rx′0 − pz′0). (18)

Èíòåãðèðóÿ (17), (18) îò t = 0 äî t = 1, íàéäåì

(qa− pb)(rx′0 − pz′0) = (ra− pc)(qx′0 − py′0), (19)
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(ra− pc)(ry′0 − qz′0) = (rb− qc)(rx′0 − pz′0). (20)
Èç (17), (19) è (18), (20) ïîëó÷èì

(qx′ − py′)(ra− pc) = (rx′ − pz′)(qa− pb), (21)

(rx′ − pz′)(rb− qc) = (ry′ − qz′)(ra− pc). (22)
Èç (21) íàõîäèì

x′(rb− qc)− y′(ra− pc) + z′(qa− pb) = 0. (23)

Àíàëîãè÷íîå ðàâåíñòâî ñëåäóåò èç (22).
Ïðåäïîëîæèì, ÷òî qa− pb 6= 0. Òîãäà èç (23) íàõîäèì

z′ = x′
qc− rb

qa− pb
+ y′

ra− pc

qa− pb
. (24)

Èñêëþ÷àÿ z′ èç (8) è (9), ïîëó÷èì

x′′ = x′2(p− pa2
0 + 2ra0) + 2x′y′(q + rb0 − pa0b0) + y′2(−p− pb2

0), (25)

y′′ = x′2(−q − qa2
0) + 2x′y′(p + ra0 − qa0b0) + y′2(q − qb2

0 + 2rb0), (26)
ãäå

a0 =
qc− rb

qa− pb
, b0 =

ra− pc

qa− pb
, z′ = x′a0 + y′b0. (27)

Îáîçíà÷èì
A1 = p− pa2

0 + 2ra0, A2 = q + rb0 − pa0b0, A3 = −p− pb2
0,

B1 = −q − qa2
0, B2 = p + ra0 − qa0b0, B3 = −q − qb2

0 + 2rb0
(28)

è ïåðåïèøåì (25), (26) â âèäå

x′′ = x′2A1 + 2x′y′A2 + y′2A3, (29)

y′′ = x′2B1 + 2x′y′B2 + y′2B3. (30)
Ñäåëàåì â ñèñòåìå (29), (30) çàìåíó

x = αu + βv, y = γu + δv, (31)

ãäå α = q√
p2+q2

, β = p√
p2+q2

, γ = − p√
p2+q2

, δ = q√
p2+q2

.
Òîãäà ïîëó÷èì

u′′ = u′2Ā1 + 2u′v′Ā2 + v′2Ā3, (32)
v′′ = u′2B̄1 + 2u′v′B̄2 + v′2B̄3, (33)

ãäå u′ = x′q−py′√
p2+q2

, v′ = px′+qy′√
p2+q2

, ∆0 =
√

p2 + q2.

∆3Ā1 = δ(α2A1 + 2αγA2 + γ2A3)− β(α2B1 + 2αγB2 + γ2B3),
∆3Ā2 = 2[δ(αβA1 + (αδ + βγ)A2 + γδA3)

−β(αβB1 + (αδ + βγ)B2 + γδB3)],
∆3B̄1 = α(α2B1 + 2αγB2 + γ2B3)− γ(α2A1 + 2αγA2 + γ2A3),
∆3B̄3 = α(β2B1 + 2βδB2 + δ2B3)− γ(β2A1 + 2βδA2 + δ2A3).

(34)
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Ëåãêî ïðîâåðèòü, ÷òî a0p + b0q = r, Ā3 = 0, B̄2 = 0 è

a0q − b0p =
c(p2 + q2)− r(pa + qb)

qa− pb
.

Ïîäñòàâëÿÿ â Ā1,. . . , B̄3 èõ âûðàæåíèÿ ÷åðåç A1,. . . B3 (èç (28)), ïîëó÷èì ïîñëå
óïðîùåíèé

∆3Ā1 = 2r(p2 + q2)
c(p2 + q2)− r(pa + qb)

qa− pb
,

∆3Ā2 = 2(p2 + q2)(p2 + q2 + r2),

∆3B̄1 = −(p2 + q2)2 − (p2 + q2)(
c(p2 + q2)− r(pa + qb)

qa− pb
)2,

∆3B̄2 = (p2 + q2)(p2 + q2 + r2).

(35)

Òàê êàê Ā3 = 0, B̄2 = 0, òî ñèñòåìó (32)-(33) ìîæíî çàïèñàòü â âèäå

u′′ = Ā1u
′2 + 2Ā2u

′v′,
v′′ = B̄1u

′2 + B̄3v
′2.

(36)

Òàê êàê u = xq−py√
p2+q2

, v = xp+qy√
p2+q2

, òî êðàåâûå óñëîâèÿ ïðèìóò âèä:

u(0) = v(0) = 0, u(1) =
aq − bp√
p2 + q2

, v(1) =
ap + bq√
p2 + q2

. (37)

Èç (36) íàõîäèì
u′ = u′0 exp(Ā1u + 2Ā2v). (38)

Èç (38) ñëåäóåò, ÷òî u(t) èçìåíÿåòñÿ ìîíîòîííî (u′(t) 6= 0), è ïîýòîìó â êà÷åñòâå
íåçàâèñèìîé ïåðåìåííîé âìåñòî t ìîæíî âçÿòü u, òàê ÷òî v = v(u′). Òîãäà ïîëó÷èì

dv

du
=

v′

u′
;

d2v

du2
=

1

(u′)3
(v′′u′ − v′u′′)

èëè
d2v

du2
= [B̄1 + B̄3(

dv

du
)2 − Ā1

dv

du
− 2Ā2(

dv

du
)2]

èëè
d2v

du2
= −[−B̄1 + Ā1

dv

du
+ (

dv

du
)2(2Ā2 − B̄3)]. (39)

Ïîäñòàâëÿÿ â (39) âìåñòî Ā1,. . . , B̄3 èõ âûðàæåíèÿ èç (35), ïîëó÷èì

d2v

du2
= −[(p2 + q2)2 + (p2 + q2)(

c(p2 + q2)− r(ap + bq)

aq − bp
)2+

+
dv

du
(
2(p2 + q2)

aq − bp
(rc(p2 + q2)− r2(ap + bq)))+

+(
dv

du
)2(p2 + q2)(p2 + q2 + r2)]

1

∆3
.

(40)
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Çàïèøåì óðàâíåíèå (40) â âèäå

d2v

du2
= −[(

√
p0v

′ +
1

2
√

p0

Q)2 + α2], (41)

ãäå p0 = (p2 + q2)(p2 + q2 + r2),

Q =
2(p2 + q2)

aq − bp
(rc(p2 + q2)− r2(ap + bq)),

α2 = R− 1

4p0

Q2,

R = (p2 + q2)2 + (p2 + q2)(
c(p2 + q2)− r(ap + bq)

aq − bp
)2.

Ìîæíî ïîêàçàòü, ÷òî α > 0. Èíòåãðèðóÿ (41) îò u = 0 äî u ≥ 0, ïîëó÷èì

1

α
√

p0

[arctg
1

α
(
√

p0v
′ +

1

2
√

p0

Q)− arctg
1

α
(
√

p0v
′
0 +

1

2
√

p0

Q)] = − u

∆3
.

Îòñþäà ñëåäóåò

√
p0v

′ +
1

2
√

p0

=
(
√

p0v
′
0 + 1

2
√

p0
Q)α cos(α

√
p0

u
∆3 )− α2 sin(α

√
p0

u
∆3 )

α cos(α
√

p0
u

∆3 ) + (
√

p0v′0 + Q
2
√

p0
) sin(α

√
p0

u
∆3 )

.

Èíòåãðèðóÿ ïîñëåäíåå óðàâíåíèå, íàéäåì

√
p0v +

u

2
√

p0

Q =
∆3

α
√

p0

ln
1

α
[α cos(α

√
p0

u

∆3
) + (

√
p0v

′
0 +

Q

2
√

p0

) sin(α
√

p0
u

∆3
)]. (42)

Òàê êàê âåëè÷èíû u(1), v(1) íàì èçâåñòíû (ñì.(37)), òî èç (42) ìû ìîæåì íàéòè
v′0 = v′(0), íî òîëüêî åñëè

∆−3α
√

p0u(1) < π, (43)
÷òî ìû è áóäåì ïðåäïîëàãàòü. Óñëîâèå (43) � ýòî óñëîâèå ðàçðåøèìîñòè çàäà÷è (32)-
(33), à òàêæå çàäà÷ (26)-(27) è (8)-(10). Èç (43), âîçâîäÿ îáå ÷àñòè íåðàâåíñòâà â
êâàäðàò è ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå çíà÷åíèÿ, ïîëó÷èì íåðàâåíñòâî

[(p2 + q2)2 + (p2 + q2)(
c(p2 + q2)− r(ap + bq)

aq − bp
)2−

−4(p2 + q2)2r2

(aq − bp)2
(c(p2 + q2)− r(ap + bq))2 · 1

4(p2 + q2)(p2 + q2 + r2)
]·

·(p
2 + q2)(p2 + q2 + r2)(aq − bp)2

(p2 + q2)4
< π2.

(44)

Ïîñëå ñîêðàùåíèé è óïðîùåíèé èç (44) ïîëó÷èì íåðàâåíñòâî

(qa− bp)2 + (pc− ra)2 + (qc− br)2 < π2. (45)



43

Òàêèì îáðàçîì, çàäà÷à (8)-(10) ðàçðåøèìà, åñëè êðàåâûå çíà÷åíèÿ a, b, c óäîâëåò-
âîðÿþò íåðàâåíñòâó (45).

Óðàâíåíèå (qa − bp)2 + (pc − ra)2 + (qc − br)2 = π2 â òðåõìåðíîì ïðîñòðàíñòâå
(a, b, c) åñòü óðàâíåíèå êðóãîâîãî öèëèíäðà, îñü êîòîðîãî çàäàåòñÿ ïàðàìåòðè÷åñêèìè
óðàâíåíèÿìè x = ps, y = qs, z = rs, à ðàäèóñ ðàâåí (p2 + q2 + r2)−1/2π.

Â ñàìîì íà÷àëå íàøèõ ðàññóæäåíèé ïðè ïîëó÷åíèè ðàâåíñòâà (27) (äëÿ èñêëþ÷åíèÿ
ïåðåìåííîé z) ìû ïðåäïîëàãàëè, ÷òî qa− pb 6= 0. Åñëè ýòà ðàçíîñòü ðàâíà íóëþ, íî
pc− ra èëè qc− rb íå ðàâíû íóëþ, òî ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ñíîâà
ïîëó÷èì óñëîâèå (45).
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Yu.A. Klokov. On extremals of a certain functional.
Summary. Extremals of the functional

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)1/2v−1(x, y, z)dt

are studied, where v > 0, ∀(x, y, z) ∈ R3, v ∈ C1(R3), x(t), y(t), z(t) ∈ C2(I), I = [0, 1].
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Anot	acija. Tiek p	et	�tas funkcion	ala ekstrem	ales

I(l) =

∫ 1

0

(x′2 + y′2 + z′2)1/2v−1(x, y, z)dt

kur v > 0, ∀(x, y, z) ∈ R3, v ∈ C1(R3), x(t), y(t), z(t) ∈ C2(I), I = [0, 1].

Institute of Mathematics Received 26.11.2008
and Computer Science,
University of Latvia
Riga, Rainis blvd 29


